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We consider the Scharnhorst effect (anomalous photon propagation in the Casimir vacuum) at
oblique incidence, calculating both photon speed and polarization states as functions of angle.
The analysis is performed in the framework of nonlinear electrodynamics and we show that many
features of the situation can be extracted solely on the basis of symmetry considerations. Although
birefringence is common in nonlinear electrodynamics it is not universal; in particular we verify that
the Casimir vacuum is not birefringent at any incidence angle. On the other hand, group velocity is
typically not equal to phase velocity, though the distinction vanishes for special directions or if one is
only working to second order in the fine structure constant. We obtain an “effective metric” that is
subtly different from previous results. The disagreement is due to the way that “polarization sums”
are implemented in the extant literature, and we demonstrate that a fully consistent polarization
sum must be implemented via a bootstrap procedure using the effective metric one is attempting
to define. Furthermore, in the case of birefringence, we show that the polarization sum technique is
intrinsically an approximation.
PACS numbers: 12.20.Ds, 41.20.Jb; quant-ph/0010055.
I. INTRODUCTION
In 1990 Scharnhorst demonstrated that the propaga-
tion of light in the Casimir vacuum [1, 2, 3] is character-
ized by an anomalous speed [4]. In fact photons propa-
gating perpendicular to the plates travel at a speed c⊥
which slightly exceeds the usual speed of light c in the
Minkowski vacuum [4, 5, 6, 7]. The propagation of pho-
tons parallel to the plates instead occurs at the usual
speed c‖ = c.
Unfortunately this anomalous propagation is far
too small to be experimentally detectable; the rela-
tive modifications to the speed of light are of order
10−2α2/(me a)
4, where α is the fine structure constant,
a is the distance between the plates, and me is the elec-
tron mass. [We work in units such that h¯ = c = 1.
Greek and Latin indices run from 0 to 3 and from 1 to
3, respectively. ηµν = diag (−1,+1,+1,+1) denotes the
Minkowski metric.] It is nevertheless an important point
of principle that a quantum vacuum which is polarized by
an external constraint can behave as a dispersive medium
with refractive index n(ω) which remains less than unity
to arbitrarily high frequency. Similar effects have been
discovered in the case of quantum vacuum polarization
in gravitational fields [8, 9, 10, 11], and several other
situations [12].
It is to be emphasized that the Scharnhorst effect,
albeit small, is of fundamental theoretical importance.
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Though the present calculations are carried out in the
“soft photon” approximation (wavelengths much larger
than an electron Compton wavelength) there is an argu-
ment based on dispersion relations which strongly sug-
gests the actual signal speed is also modified (indeed,
increased) [6, 7] — the physics here is very different from
that of the resonance-induced “apparent” superluminal
velocities currently of experimental interest [13, 14]; here
we are dealing with quantum polarization induced “true”
superluminal velocities, albeit well outside the realm of
present day experimental technique.
A common feature of the gravitational analogs of the
Scharnhorst effect is the presence of birefringence: Pho-
tons with different polarizations propagate at different
speeds. Similarly in generic situations nonlinear electro-
dynamics often leads to birefringence [15, 16, 17]. Never-
theless the occurrence of birefringence in nonlinear elec-
trodynamics is not universal. Indeed, in the Casimir vac-
uum between parallel conducting plates the possibility of
birefringence is tightly constrained: There is a residual
(2+1) Lorentz invariance which prevents birefringence for
photons that propagate parallel to the plates, and simi-
larly there is an O(2) rotational invariance that prevents
birefringence for photons that propagate perpendicular
to the plates. It is only for photons that propagate
obliquely to the plates that there is even any possibility of
birefringence. We shall be interested in a complete anal-
ysis of both propagation speed and polarization states as
a function of angle, and as a side effect report the (melan-
choly) conclusion that birefringence is completely absent
in the Casimir vacuum. As a consequence, an effective
metric description is sufficient for completely specifying
photon propagation in the Casimir vacuum—though it
will in general not be sufficient for other more general
vacuum states. The effective metric we find is subtly at
2variance with previous results obtained by performing a
“polarization sum” [18, 19]. The disagreement is due to
the way that “polarization sums” are implemented in the
extant literature, where they are defined in terms of the
flat Minkowski metric. We show that in the absence of
birefringence a fully consistent polarization sum must be
implemented in terms of a bootstrap procedure; using
as input the effective metric one is attempting to define.
Furthermore, in the presence of birefringence, we demon-
strate that the polarization sum technique is intrinsically
an approximation. Fortunately the differences first show
up at order α4, and in almost all circumstances are com-
pletely negligible.
Throughout, we emphasize the use of symmetry argu-
ments as a way of extracting general information that
is (as much as possible) independent of the particular
choice of Lagrangian. Finally, we have a few words to
say concerning the utility of effective metric approaches
in other contexts well beyond the Casimir vacuum.
II. GENERAL FORMALISM
Anomalous photon propagation can most easily be in-
terpreted in terms of nonlinear electrodynamics. After
integrating out virtual electron loops, the Maxwell La-
grangian should be replaced (in the absence of bound-
aries, at the one-loop level, and provided the distance
scales defined by the field gradients and photon wave-
length are much larger than the electron Compton wave-
length) by Schwinger’s effective Lagrangian [20]
LSchwinger = L (F ,G) . (1)
Here we have adopted the now common variables [18, 19]
F ≡
1
4
Fµν F
µν =
1
2
(
~B2 − ~E2
)
, (2)
G ≡
1
4
Fµν
⋆Fµν = − ~E · ~B. (3)
The precise functional form of Schwinger’s Lagrangian
will not be needed: At the end of the calculation we shall
see that it is sufficient to retain only the quartic terms
beyond the Maxwell Lagrangian (the Euler–Heisenberg
Lagrangian [21]).
Now in the Casimir geometry between parallel plates
there is one additional invariant one could consider,
namely
H ≡ nµFµσ F
σν nν = ( ~E · ~n)
2 − (~n× ~B)2, (4)
where nµ ≡ (0, 0, 0, 1) is a unit vector orthogonal to the
plates. (A similar invariant obtained by interchanging
~E and ~B is actually a redundant linear combination of
the invariants F and H.) In addition the coefficients in
the effective Lagrangian can now explicitly depend on
the z coordinate. When it comes to practical calcula-
tions all these effects are suppressed by additional factors
of h¯/(meca), but in the interests of generality we retain
them for the time being and simply write:
Leffective = L (Fµν(x), x) . (5)
That is, the considerations of the following section are
not limited to the Casimir parallel plate geometry but
apply whenever the soft photon approximation (and the
ancillary linearization procedure and restricted eikonal
approximation) make sense.
A. Equations of motion
The complete equations of motion for nonlinear elec-
trodynamics consist of the Bianchi identity,
F[µν,λ] = 0, (6)
plus the dynamical equation
∂ν
(
∂L
∂Fµν
)
= 0. (7)
We now adopt a linearization procedure: Split the elec-
tromagnetic field into a background plus a propagating
photon
Fµν = F
background
µν + f
photon
µν . (8)
Then assuming the background satisfies the equations of
motion, and retaining only linear terms in the propagat-
ing photon, we have
f photon[µν,λ] = 0, (9)
and
∂ν
(
∂2L
∂Fµν ∂Fαβ
∣∣∣∣
background
f photonαβ
)
= 0. (10)
On defining
Ωµναβ =
∂2L
∂Fµν ∂Fαβ
∣∣∣∣
background
, (11)
equation (10) can be rewritten in the somewhat more
compact form
∂α
(
Ωµανβ f photonνβ
)
= 0. (12)
Note that the tensor Ωµναβ is symmetric with respect to
exchange of the pairs of indices µν and αβ, and antisym-
metric with respect to exchange of indices within each
pair.
We now apply a restricted form of the eikonal approx-
imation by introducing a slowly varying amplitude fµν
and a rapidly varying phase φ:
f photonµν = fµν e
iφ. (13)
3The wave vector (actually a one-form, but we shall
loosely refer to both vectors and one-forms as “vectors”
in the text, because of the mapping provided by ηµν and
its inverse ηµν) is then defined as kµ = ∂µφ. This ap-
proximation is similar to, but not quite identical with,
the usual eikonal approximation. This is because one as-
sumes that φ varies on scales much smaller than those
of the background, while, on the other hand, use of the
Lagrangian (5) also implies that the components of k are
much smaller than the values fixed by the electron mass
(soft-photon regime). Under these hypotheses,
Ωµανβ kα fνβ = 0. (14)
But the background field is itself subject to quantum fluc-
tuations, and to take this into account the coefficients of
this equation are identified with the expectation value of
the corresponding quantum operators in the background
state |ψ〉:
〈ψ|Ωµανβ |ψ〉 kα fνβ = 0. (15)
In taking this expectation value we are using the fact that
the fluctuations in the background fields are determined
by the geometry (in the specific case of the Casimir geom-
etry, by the distance between the plates), so that in the
spirit of the restricted eikonal approximation there is a
separation of scales between the background fluctuations
and the propagating photon.
The Bianchi identity (9) constrains fµν to be of the
form
fµν = kµ aν − kν aµ , (16)
where we have introduced the gauge potential a for the
propagating field. Inserting (16) into (15) we find
〈ψ|Ωµανβ |ψ〉 kα kβ aν = 0. (17)
In general, the tensorial quantity 〈ψ|Ωµανβ |ψ〉 can be
decomposed into an isotropic part plus anisotropic con-
tributions, that we group together into a term ∆µανβ
with the same symmetries as Ωµανβ :
〈ψ|Ωµανβ |ψ〉 = d1
(
ηµν ηαβ − ηµβ ηαν
)
+∆µανβ , (18)
where d1 is a function that can in principle be computed
directly from the effective Lagrangian.
B. Dispersion relations
Equation (17) represents a condition for a as a function
of k — it constrains a to be an eigenvector, with zero
eigenvalue, of the k-dependent matrix
Aµν(k) = 〈ψ|Ωµανβ |ψ〉 kα kβ . (19)
Any non-zero solution corresponds to a physically pos-
sible field polarization, that can be identified by a unit
polarization vector ǫ (provided a is not a null vector —
a possibility that can always be avoided by a suitable
gauge choice).
A necessary and sufficient condition for the eigen-
value problem Aµν aν = 0 to have non-zero solutions
is det (Aµν) = 0; however, this gives us no information
at all. Indeed, any a parallel to k is always a non-zero
solution, so the condition det (Aµν) = 0 is actually an
identity. On the other hand, a ‖ k is merely an unphysi-
cal gauge mode that corresponds to fµν = 0 by (16), so
we need to find other, physically meaningful, solutions of
the eigenvalue problem. To this end, we exploit gauge
invariance under a → a + λk and fix a gauge, thus re-
moving the spurious modes. It is particularly convenient
to adopt the temporal gauge a0 = 0. Then we can de-
fine a polarization vector ǫµ ≡ aµ/ (aνa
ν)1/2, and the
eigenvalue problem Aµν ǫν = 0 splits into the equation
A0i ǫi = 0, (20)
plus the reduced eigenvalue problem
Aij ǫj = 0 . (21)
The latter admits a nontrivial solution only if
det
(
Aij
)
= 0. (22)
The condition (22) plays the same role as the Fresnel
equation in crystal optics [22] — it is a scalar equation
for k and thus gives the dispersion relation for light prop-
agating in our “medium”.
An explicit calculation (see Appendix B) gives
det
(
Aij
)
= ω2 P4(k), (23)
where ω ≡ −k0 and P4(k) is a homogeneous fourth-order
polynomial in the variables ω and ki. This means that in
the most general case there are four dispersion relations,
corresponding to the four roots of the equation
P4(k) = 0. (24)
But, if k = (−ω,~k) is a root then so is −k = (ω,−~k);
thus, by CPT invariance, only two of these dispersion
relations are physically distinct.
Different polarization states are represented by linearly
independent solutions of the eigenvalue problem (21),
under the condition (22). [Obviously, (20) cannot be
independent of (21), since we know that det (Aµν) ≡
0.] Thus, the space of polarizations is at most two-
dimensional. Since (22) gives rise to two dispersion re-
lations, the polarization states actually satisfy two (in
general, different) eigenvalue equations,
A
µν
(r) ǫ
(r)
ν = 0 , (25)
where r = 1, 2 labels the dispersion relations and A
µν
(r) is
obtained from Aµν by imposing the corresponding con-
dition on k. Thus, in the general case, modes of the field
4with different polarizations have different dispersion re-
lations, hence propagate in different ways; this leads to
the phenomenon of birefringence [15, 16, 17].
In some special cases (in particular, this behaviour is
quite common in nonlinear electrodynamics) the polyno-
mial P4(k) factorizes into two quadratic forms,
P4(k) =
(
γ µν(1) kµ kν
) (
γ αβ(2) kα kβ
)
, (26)
in which case we obtain two second-order dispersion re-
lations:
γ µν(1)kµkν = 0 and γ
µν
(2)kµkν = 0. (27)
C. Effective metric
We now want to consider the special situation in which
not only does (26) hold, but also γ µν(1) = γ
µν
(2) . (That is,
the fourth-order polynomial P4(k) is a perfect square.) In
this case one ends up with a single quadratic dispersion
relation of the familiar form
γ µν kµ kν = 0, (28)
where γ µν is some symmetric tensor. It should be clear
from our previous discussion that a necessary condition
for this to happen is the absence of birefringence. Re-
markably, we see that the wave vector is now null with re-
spect to a (unique) “effective inverse metric” γ µν . There-
fore, the propagation of light can be described in terms
of an effective geometry, defined by the metric tensor gµν
obtained by inverting γ µν , such that γ µνgνρ = δ
µ
ρ.
(Warning: Even when an effective metric is defined, we
always raise and lower indices using the flat Minkowski
metric ηµν . In particular, note that gµν 6= ηµρ ηνσγ
ρσ;
this justifies our use of different symbols, g and γ, for the
effective metric and its inverse.)
This situation implies that 〈ψ|Ωµανβ |ψ〉 must be alge-
braically constructible solely in terms of γ µν . In view
of the symmetries of Ωµανβ we know, without need for
detailed calculation, that it must be of the form
〈ψ|Ωµανβ |ψ〉 = Λ
(
γ µν γ αβ − γ µβ γ να
)
(29)
for some function Λ.
Conversely, if Ωµανβ is of the form (29), then the ma-
trix (19) is
Aµν = Λ
[
γ µν
(
γ αβ kα kβ
)
−
(
γ µα kα
)(
γ νβ kβ
)]
, (30)
and the photon propagation equation Aµν aν = 0 be-
comes(
γ αβ kα kβ
)
γ µν aν −
(
γ αβ aα kβ
)
γ µν kν = 0. (31)
This equation is obviously satisfied by the uninteresting
gauge modes a ‖ k, with no constraints on k. Solutions
corresponding to a non-vanishing fµν exist only if the co-
efficient of γ µν aν is zero, i.e., if (28) holds. Thus, the
two polarization states propagate with the same disper-
sion relation (28), and there is no birefringence.
Substituting (28) back into the propagation equation
(31) we find another relationship typical of this case,
γ µν kµ aν = 0. (32)
Formally, the above equation looks like a gauge condi-
tion. This might seem puzzling, because nowhere in the
present subsection have we fixed a gauge. In fact, (32)
is a consequence of the dynamical equation Aµν aν = 0,
when the “on-shell” condition (28) is satisfied, and it does
not imply any gauge fixing.
Finally, it is interesting to notice that there is now a
self-consistency or “bootstrap” condition,
3 Λ γ µν = 〈ψ|Ωµανβ |ψ〉 gαβ . (33)
This can be re-stated directly in terms of the fundamental
coefficients as
3 Λ γ µν = d1 η
µν
(
ηαβ gαβ
)
− d1 η
µα gαβ η
βν
+∆µανβ gαβ. (34)
We stress that these relations depend only on the as-
sumed existence of a single unique effective metric gµν
— they do not make any reference to other specifics of
the quantum state.
III. CASIMIR VACUUM
Let us now consider a region of empty space delimited
by two perfectly conducting parallel plates placed orthog-
onal to the z axis at positions z = z0 and z = z0 + a,
in the quantum state |ψ〉 → |C〉 corresponding to the
Casimir vacuum [1, 2, 3].
A. Symmetries and effective metric
In the Casimir vacuum considerable information can be
extracted by using only symmetry considerations, simi-
larly to what Bryce DeWitt did for the stress-energy-
momentum tensor in reference [23]. Always working in
the soft photon approximation, the presence of a pre-
ferred direction and the symmetry of the configuration
allow us to claim that the function d1 can only depend
on the z coordinate, and to write ∆µανβ in the form
∆µανβ = d2(z)
(
δµν n
α nβ − δ
µ
β n
α nν
+δαβ n
µ nν − δ
α
ν n
µ nβ
)
, (35)
where d2(z) is another function. The calculation of d1(z)
and d2(z) in this case is straightforward, using identities
that follow from (18) and (35):
d1(z) =
1
6
〈C |Ωµνµν − 2Ω
µν
αν nµ n
α|C〉 ; (36)
5d2(z) = −
1
6
〈C |Ωµνµν − 4Ω
µν
αν nµ n
α|C〉 . (37)
On defining the function
ξ(z) ≡
d2(z)
d1(z)
, (38)
and the tensor
γ µν = ηµν + ξ(z)nµnν , (39)
〈C|Ωµανβ |C〉 takes the particularly simple form
〈C|Ωµανβ |C〉 = d1(z)
(
γ µν γ αβ − γ µβ γ να
)
. (40)
Thus, from the discussion in subsection II C, we deduce
without further argument that there is no birefringence,
and that γ µν given in (39) plays the role of an effective
inverse metric for the propagation of light in the Casimir
vacuum. The corresponding effective metric is
gµν = ηµν −
ξ(z)
1 + ξ(z)
nµnν . (41)
We stress that for this derivation of the effective metric
to make sense it is necessary that the spatial variation in
ξ(z) be compatible with the restricted eikonal approxi-
mation: that is ξ(z) should vary slowly on the scale of
the photon wavelength. This is certainly true for QED
at lowest nontrivial order where we shall soon see that ξ
is in fact independent of z.
The conclusion about the absence of birefringence can
also be obtained more explicitly. Choosing the temporal
gauge, and following the steps outlined in the general
analysis of subsection II B, equation (20) becomes
γ ij ki ǫj = 0, (42)
which also follows from (32) when ǫ0 = 0. A tedious but
straightforward calculation gives
det
(
Aij
)
= − (1 + ξ) d 31 ω
2
(
γ µν kµ kν
)2
. (43)
Thus the dispersion relation determined from (22) takes
in this case the form (28), as expected.
We note here that, although an equation of the form
(28) has been already obtained by Dittrich and Gies [18],
the expression for the effective metric underlying their
dispersion relation is subtly at variance with our results
(39) and (41). We shall comment about the reason for
this discrepancy in Appendix C.
B. Polarization states
In order to explicitly find the polarization states, let us
evaluate (19) using the expression for 〈C|Ωµανβ |C〉 and
(28), and then consider the reduced eigenvalue problem
(21). We find that ~ǫ must be a solution of the problem
A
ij
ǫj = 0, where
A
ij
= −γ il kl γ
jm km. (44)
This eigenvalue problem, however, is manifestly equiv-
alent to the single equation (42), which is thus the
only constraint that the polarization states must sat-
isfy. Therefore, the space of polarization states is two-
dimensional, as expected.
A basis for such a space can be easily constructed by
considering generic propagation in the xz plane [not a
restrictive hypothesis, because of O(2) invariance with
respect to rotations around the z axis], described by the
3-vector (these are taken to be covariant components,
index down):
~k =
(
|~k| sin θ, 0, |~k| cos θ
)
. (45)
Equation (42) then becomes
sin θ ǫ1 + (1 + ξ) cos θ ǫ3 = 0, (46)
so two independent polarizations are:
~ǫ (1) = (0, 1, 0);
~ǫ (2) =
1
N(θ)
(
(1 + ξ) cos θ, 0,− sin θ
)
, (47)
where
N(θ) ≡
(
1 + 2 ξ cos2 θ + ξ2 cos2 θ
)1/2
(48)
is a normalization coefficient. Note in particular that
~ǫ (2) is not perpendicular to ~k when viewed in terms of
the Minkowski metric ηµν , though they are perpendic-
ular when viewed in terms of the effective metric γ µν .
Furthermore we have chosen to make ~ǫ (2) a unit vector
with respect to the Minkowski metric, not with respect
to the effective metric.
C. Phase, signal, and group velocities
If ~k has the form (45), equation (28) becomes (the
norms are with respect to the Euclidean spatial metric
induced by ηµν):
ω2 = |~k|2 + ξ |~k|2 cos2 θ. (49)
The phase velocity is given by
vphase(θ) =
ω
|~k|
=
(
1 + ξ cos2 θ
)1/2
, (50)
and is independent of the polarization. This is again a
consequence of the fact that the quantity γ µν kµ kν ap-
pears squared in det
(
Aij
)
, so equation (22) describes a
degenerate fourth-degree surface in the space of the vec-
tors ~k/ω. Hence, there is only one dispersion relation,
6equation (49), independent of the polarization state, and
only one phase speed for each value of |~k|. This confirms
that birefringence does not take place in the Casimir vac-
uum.
Note that if ξ > 0 and θ 6= π/2, we have vphase(θ) > 1.
Since, in the limit ω → +∞, vphase equals the front veloc-
ity (signal velocity) [7], one is tempted to argue that the
propagation is superluminal for all values of θ different
from π/2. This conclusion can also be inferred directly
from (28), which for ξ > 0 implies that k is timelike (with
respect to the undisturbed Minkowski metric). Since k
can also be interpreted as the four-vector orthogonal to a
surface of discontinuity of the field [16, 17], it follows that
such a surface is spacelike (with respect to the Minkowski
metric), i.e., that electromagnetic signals travel “faster
than light”. (This phrasing is standard but unfortunate,
and is logically indefensible. It should always be inter-
preted in the sense “faster than light would have travelled
in an undisturbed portion of normal vacuum”.) Equiva-
lently, (41) implies that for ξ > 0 the lightcones of the ef-
fective metric gµν are wider than those of the Minkowski
metric ηµν . Unfortunately, while it is certainly true that
our treatment is valid at high frequencies (with respect to
those associated to the background scales), it neverthe-
less also requires ω ≪ me — the condition under which
one can use the Lagrangian (1) —, so we have no direct
information about the strict ω → +∞ limit. See, how-
ever, reference [6] for an indirect argument based on the
Kramers–Kronig dispersion relation that combined with
the present calculation is sufficient to establish superlu-
minal propagation for the signal velocity. In the special
case θ = π/2 one has ηµνkµkν = 0: Photons propagat-
ing parallel to the plates travel at the standard speed of
light.
The group velocity is a little tricky, it equals
vigroup ≡
∂ω
∂ki
=
1
ω
[
ki + ξ (k · n) ni
]
, (51)
so equations (45) and (50) give
~vgroup(θ) =
1
vphase(θ)
(
sin θ, 0, (1 + ξ) cos θ
)
. (52)
In particular, the group velocity ~vgroup is not parallel to
the wave-vector ~k, though it is always orthogonal to the
polarization vector. Taking the norm (in the physical
Minkowski metric),
vgroup(θ) =
N(θ)
vphase(θ)
=
[
1 + (2ξ + ξ2) cos2 θ
1 + ξ cos2 θ
]1/2
. (53)
The group speed is at all angles slightly greater than (or
at worst equal to) the phase speed. (See figure 1.) Indeed
v2group(θ) = v
2
phase(θ) +
ξ2 cos2 θ sin2 θ
v2phase(θ)
. (54)
(See figure 2.) Care should be taken to realize that here
θ is the angle between the wave vector and the normal,
and is not quite the same as the direction of propaga-
tion of the wave packet. Fortunately at both normal
incidence (θ = 0) and parallel propagation (θ = π/2)
the distinction between group and phase velocities dis-
appears. Furthermore, as we shall see below, if we work
to second order in the fine structure constant, the differ-
ence between group and phase speed is negligible at all
angles, although a difference of order α2 still remains be-
tween the directions of ~vgroup and ~k. The group velocity
(53) is greater than 1 when ξ > 0. Thus, the group speed
is larger than 1 whenever the phase speed is, although in
general their individual values are different.
1
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FIG. 1: Group and phase speeds as a function of angle,
from θ = 0 to θ = pi/2 radians. (The group speed is the
upper curve.) For clarity we have greatly exaggerated the
physically expected value of ξ by setting ξ = 1/2.
IV. SIZE OF THE EFFECT
So far we have seen that, based solely on symmetry
considerations, we can eliminate the possibility of bire-
fringence in the Casimir vacuum and place strong con-
straints on the general features of photon propagation
in this vacuum. Our results are in fact generic to any
form of nonlinear electrodynamics subject to the bound-
ary conditions appropriate for the Casimir vacuum, and
are not specifically restricted to QED. Where QED is
important is in determining the specific form of the func-
tions d1(z) and d2(z), which determine ξ(z), and hence
determine the size (but not the qualitative features) of
the Scharnhorst effect.
Unless one wants to perform calculations to orders
higher than α2, it is sufficient to consider the Euler–
Heisenberg Lagrangian [21] which, in the F–G formalism
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FIG. 2: Difference between the squares of the group and
phase speeds as a function of angle, from θ = 0 to θ = pi/2 ra-
dians. For clarity we have greatly exaggerated the physically
expected value of ξ by setting ξ = 1/2.
adopted above, takes the form
LEH = −
1
4π
F + c1 F
2 + c2 G
2, (55)
with
c1 =
α2
90π2m4e
, c2 =
7α2
360π2m4e
. (56)
The terms proportional to F2 and G2 of this Lagrangian
are quartic in the field, and describe the low-energy limit
of the box diagram in QED, when four photons couple
to a single virtual electron loop. Thus, the Lagrangian
(55) is only accurate to order α2, and it is meaningless
to retain higher order terms within this model.
In particular, deviations from (3+1) Lorentz symme-
try due to the presence of the plates (the plates re-
duce the symmetry group to that of (2+1) Lorentz in-
variance) must on physical grounds vanish as the plate
separation goes to infinity, where one must recover the
full (3+1) Lorentz symmetry. On dimensional grounds
this implies that such terms will be suppressed by some
function of h¯/(meca) and can, to lowest nontrivial order,
be neglected in the effective Lagrangian. On the other
hand, even for lowest nontrivial order in the effective La-
grangian (that is, for the Euler–Heisenberg Lagrangian),
the presence of the plates leads to a nontrivial expecta-
tion value for 〈C|Fµν Fαβ |C〉 and will in this way con-
tribute to the effective metric.
For the Euler–Heisenberg Lagrangian, the tensor
Ωµναβ is
Ωµναβ =
(
−
1
16π
+
c1 F
2
) (
δµα δ
ν
β − δ
µ
β δ
ν
α
)
+
c2 G
2
ǫµναβ
+
c1
2
Fµν Fαβ +
c2
2
⋆Fµν ⋆Fαβ , (57)
so in the Casimir vacuum
d1(z) = −
1
16π
+O(α2) (58)
while d2(z) is of order α
2. Hence, to first order in α2, we
have ξ(z) = −16π d2(z), and
vphase(θ) = vgroup(θ) = 1− 8πd2(z) cos
2 θ. (59)
Though in principle the coefficient d2(z) could depend on
z, the position relative to the two plates, we shall see that
in the specific case of the Casimir vacuum it is simply a
position-independent number.
To establish this, start with (37), and insert the specific
form (57). Using the algebraic identity [18, 20]
⋆Fµν ⋆Fαν = F
µν Fαν − 2F δ
µ
α, (60)
one easily gets
Ωµναν =
(
−
1
16π
+
c1 F
2
)
3 δµα
+2π (c1 + c2)T
µ
α +
(c1 − c2)F
2
δµα, (61)
where T µα is Maxwell’s stress-energy-momentum tensor.
Performing the indicated traces, and using the fact that
the Maxwell stress-energy tensor is traceless, we find
d2(z) =
4π
3
(c1 + c2) 〈C |Tzz|C〉 . (62)
The symmetries of the Casimir vacuum stress-energy (as
analyzed for instance by DeWitt [23]), then imply
d2(z) = 4π(c1 + c2) 〈C |T00|C〉 . (63)
Finally the well-known result 〈C|T00|C〉 = −π
2/720a4
allows us to write
d2 = −
11πα2
64800 a4m4e
. (64)
And in particular, this implies d2(z) is position indepen-
dent. Thus, at first order in α2,
vphase(θ) = vgroup(θ) = 1 +
11π2α2
8100 a4m4e
cos2 θ. (65)
This expression reproduces Scharnhorst’s result in the
case θ = 0, generalizing it to an arbitrary direction of
propagation. It is interesting to notice that the correction
is essentially determined by the expectation value of the
energy density, 〈C|T00|C〉, in agreement with the general
results of [12, 18].
8V. CONCLUSIONS
We have outlined a general scheme that allows one
to write down the dispersion relation, and to find the
polarization states, for electromagnetic radiation propa-
gating in a region where nonlinear effects cannot be ig-
nored. The deviations from the behaviour in Maxwell’s
theory are completely described by the tensorial quan-
tity ∆µανβ , that has its origin in the anisotropy of the
medium. In particular, we have investigated the case
of propagation in the Casimir vacuum, where there is a
privileged direction in space, identified by a unit vector
n. We have seen that symmetry considerations alone im-
ply that ∆µανβ must be of the form (35). This, in turn,
implies that there is only one value for the speed of light,
independent of the polarization. Thus, the possibility of
birefringence in the Casimir vacuum is completely ruled
out by very general arguments (the abstract form of the
Lagrangian for nonlinear electrodynamics, plus the ten-
sor structure of ∆µανβ dictated by the geometry). Be-
cause of its generality, this conclusion applies not just to
QED itself but to arbitrary types of nonlinear electrody-
namics (such as for instance, Born–Infeld theories).
How are we to interpret this result in view of the
fact that nonlinear electrodynamics generically does lead
to birefringence [15, 16, 17]? The key point is that in
those analyses the background field (Fµν)background is
nonzero. More generally, even after averaging over quan-
tum fluctuations of the background, 〈ψ|Fµν |ψ〉 6= 0 in
the quantum state appropriate to those analyses. In the
Casimir vacuum on the other hand, the expectation val-
ues linear in the field do vanish, 〈C|Fµν |C〉 = 0, and
it is only the quadratic expectation values (and higher)
that are nonzero (〈C|Ωµναβ |C〉 6= 0). This key differ-
ence makes the analyses of [15, 16, 17] inapplicable to
the Casimir vacuum—technically speaking, the polariza-
tion basis used in those papers fails to be meaningful
for the Casimir vacuum. On the other hand, the discus-
sion of the present paper could be easily adapted to treat
light propagation in the presence of an electromagnetic
background field. It is sufficient to keep in mind that in
this case there is a preferred 2-dimensional plane defined
by the 2-form 〈ψ|Fµν |ψ〉. Correspondingly, the form of
∆µανβ will be more complicated [see (A2)].
We reiterate that the absence of birefringence is crucial
for the use of the “effective geometry” approach (adopted
in this type of context by Latorre et al [12], and fur-
ther developed by Novello et al [16], and by Dittrich and
Gies [18]). Only if the propagation of light does not de-
pend on its polarization and is thus, in a sense, univer-
sal, it is meaningful to describe it by a single effective
metric. As a consequence of our analysis, photon prop-
agation in the Casimir vacuum can indeed be phrased
entirely in terms of the effective metric (39). This obser-
vation is potentially important in that “effective metric”
approaches similar in spirit to the above are currently at-
tracting attention in fields as diverse as acoustics [24, 25],
optics [26, 27], superfluid quasiparticles [28], and Bose–
Einstein condensates [29].
Finally, we mention related work on the light cone con-
dition for a thermalized QED vacuum due to Gies [30]
(wherein the analysis implicitly relies on taking the quan-
tum expectation value of Ωµναβ in a manner somewhat
analogous to the present paper), and intriguing results
on photon propagation in rather general linear theo-
ries in classical backgrounds due to Obukhov and co-
workers [31, 32, 33].
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APPENDIX A: CONNECTION WITH OTHER
FORMULATIONS
We have tried to set up the formalism in a streamlined
and self-contained manner. Nevertheless to aid compar-
ison with other results in the literature it is useful to
give the explicit form of the tensor Ωµναβ for generic
Schwinger-like Lagrangians of the form (1). For such La-
grangians
Ωµναβ =
1
4
(∂FL)
(
ηµα ηνβ − ηµβ ηνα
)
+
1
4
(∂GL) ǫ
µναβ +
1
4
Mµναβ , (A1)
where
Mµναβ = Fµν Fαβ
(
∂2FL
)
+ ⋆Fµν ⋆Fαβ
(
∂2GL
)
+
(
Fµν ⋆Fαβ + ⋆Fµν Fαβ
)
∂FGL (A2)
has the same symmetries as Ωµναβ .
As soon as one inserts this tensor into the photon equa-
tion of motion (14), the completely antisymmetric part
proportional to the Levi–Civita tensor drops out, because
of the Bianchi identity (9). The remaining pieces repro-
duce the photon equation of motion in the perhaps more
usual form considered by Dittrich and Gies [18], or Nov-
ello and co-workers [16, 17].
Also note that, depending on the details of the geom-
etry and the quantum state, Mµναβ can contribute to
both d1 and to ∆
µναβ .
APPENDIX B: FRESNEL EQUATION IN
NONLINEAR ELECTRODYNAMICS
Our purpose is to prove equation (23). The spatial
components of the matrix (19) are
Aij = ω2 〈ψ|Ωi0j0|ψ〉 − ω km 〈ψ|Ω
i0jm +Ωimj0|ψ〉
+kmkn 〈ψ|Ω
imjn|ψ〉. (B1)
9Let us define the unit vector kˆ = ~k/|~k|. Then the com-
ponents of Aij in a basis with one axis directed along kˆ
are
Aij kˆj = ω
2 〈ψ|Ωi0j0|ψ〉 kˆj−ω km 〈ψ|Ω
imj0|ψ〉 kˆj ≡ ω V
i.
(B2)
In particular
Aij kˆikˆj = ω
2 〈ψ|Ωi0j0|ψ〉 kˆikˆj ≡ ω
2 S. (B3)
Then the matrix Aij has the following structure:(
ω2 S ω V J
ω V I T IJ
)
, (B4)
where I and J label the two directions orthogonal to kˆ.
Evaluating the determinant by expanding in the first row
or column, it is easy to see that every term will contain
at least two factors of ω, which establishes equation (23)
as desired.
APPENDIX C: POLARIZATION SUM
In this appendix we discuss the reason for the difference
between our expressions (39) and (41) for the effective
metric and those implicit in the “light cone condition”
in reference [18]. In the spirit of that paper a dispersion
relation would be derived as follows (a certain amount of
“translation” is required to get that formalism to match
with the current notation). First, one writes equation
(17) for two polarization states ǫ˜ (1) and ǫ˜ (2) orthogonal
to each other:
〈ψ|Ωµανβ |ψ〉 kα kβ ǫ˜
(r)
ν = 0. (C1)
Working in Lorentz gauge k · ǫ˜ (r) = 0 this can be written
as
d1 k
2 ǫ˜ µ(r) +∆
µα
νβ kα k
β ǫ˜ ν(r) = 0, (C2)
where ǫ˜ µ(r) = η
µν ǫ˜
(r)
ν . One then takes the scalar prod-
uct of each equation with the corresponding polarization
vector. Finally, the resulting two equations are summed.
Furthermore, it was explicitly asserted that one could
effectively replace [18]
2∑
r=1
ǫ˜ µ(r) ǫ˜
ν
(r) → η
µν (C3)
in the terms containing ∆µανβ . Under this hypothesis
one obtains, following the steps described above,
2d1k
2 +∆µανα kµ k
ν = 0, (C4)
which is equivalent to equation (14) of reference [18].
This has the form of the dispersion relation γ˜ µν kµ kν =
0, with
γ˜ µν ∝ 2 d1 η
µν +∆µανβ ηαβ . (C5)
Specializing to the Casimir vacuum, and normalizing ap-
propriately, one has
γ˜ µν = ηµν +
2 d2
2 d1 + d2
nµ nν , (C6)
clearly different from (39). Nevertheless, when one con-
siders QED corrections to the Maxwell Lagrangian, d1 is
of order α0, while d2 is of order α
2 (see section IV above);
therefore, the two metrics (39) and (C6) agree to order
α2.
The reason for the discrepancy is that the formal re-
placement (C3) is limited in a subtle manner. Strictly
speaking, it is correct as it stands only if photon propa-
gation is governed by the Minkowski metric ηµν ; which
is exactly the situation we are trying to get away from.
In order to see this explicitly, let us introduce an or-
thonormal tetrad
(
u, ǫ˜(1), ǫ˜(2), w
)
, with u timelike and w
spacelike, so one can write
2∑
r=1
ǫ˜ µ(r) ǫ˜
ν
(r) = η
µν + uµ uν − wµ wν . (C7)
Working in the Lorentz gauge, as in reference [18], the
two-dimensional subspace of Minkowski spacetime, or-
thogonal to ǫ˜(1) and ǫ˜(2) and spanned by the unit vectors
u and w, contains the wave vector k, so
kµ = − (k · u) uµ + (k · w) wµ. (C8)
Following the same steps that led to (C4), but using (C7)
instead of the replacement (C3), we find, in place of the
single term ∆µανα kµ k
ν occurring in (C4), the two terms
∆µανα kµ k
ν + k2 ∆µανβ u
µ uν wα wβ , (C9)
where we have used (C8) and the symmetry properties of
∆µανβ . Clearly, the second term in the expression (C9)
cannot be ignored unless k2 = 0. We conclude that it is
the subtly incorrect replacement (C3) which implies that
the derivation of (C4), (C5), and (C6) is limited to first
order in α2. For the Casimir vacuum,
∆µανβ u
µ uν wα wβ = d2
[
(n · u)2 − (n · w)2
]
= d2
[
−1 +
2∑
r=1
(
n · ǫ˜(r)
)2]
.
(C10)
Using now the relation k2
(
n · ǫ˜(r)
)
= 0, which follows
from (C2) upon contraction with n in the Lorentz gauge,
we see that
k2 ∆µανβu
µuνwαwβ = −d2 k
2, (C11)
so (C4), corrected by the additional term (C10), indeed
reproduces the metric (39).
In general, if the photon dispersion is in fact deter-
mined by some (unique) effective metric gµν then one
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can choose a tetrad like
(
u, ǫ˜(1), ǫ˜(2), w
)
, but which is or-
thonormal with respect to gµν , so now
2∑
r=1
ǫ˜ µ(r) ǫ˜
ν
(r) = γ
µν + uµ uν − wµ wν . (C12)
Applying this polarization sum to the photon propaga-
tion equation written in the form (17), and using the
properties (28) and (32), we see that the strictly correct
replacement for the polarization sum is
2∑
r=1
ǫ˜ µ(r) ǫ˜
ν
(r) → γ
µν . (C13)
This modified polarization sum, applied to (17), is con-
sistent with the “bootstrap” condition (33).
In the particular case of the Casimir vacuum, it is a
simple matter to verify, using our expression for γ µν , that
the bootstrap condition is indeed satisfied. It is now also
clear why the formalism of [18] works to first order in α2:
Since the difference between ηµν and γ µν is itself of order
ξ (that is, of order α2) the difference between the (subtly
incorrect) formula (C6), derived on the basis of (C3), and
the consistency condition (33) is automatically of order
ξ2 (α4). This may also be explicitly verified using the
approximation ξ ≪ 1 so that
gµν ≈ ηµν − ξ nµ nν . (C14)
Substituting this into (33) self-consistently reproduces
γ µν to the required order. Note that in almost all cases
of interest one is quite content to work to first order in
α2 in which case all of these subtleties are moot.
We conclude with some general comments about the
derivation of a metric from a polarization sum: If there
is only one dispersion relation for all polarizations, as for
instance in the Casimir vacuum discussed above, then
ǫ˜ (1) and ǫ˜ (2) both satisfy the same equation
A
µν
(k) ǫ˜ (r)ν = 0 (C15)
[see (25)], with the same matrix A
µν
(k). However, if
ǫ˜ (1) and ǫ˜ (2) correspond to two different dispersion re-
lations, their propagation equations will actually differ,
because now A
µν
(1) 6= A
µν
(2) . Therefore, a procedure of the
form described at the beginning of this appendix is fun-
damentally flawed in the general case, as it fails to take
into account the possibility of birefringence, and is in
fact (strictly speaking) incompatible with birefringence.
Indeed, summing the equations
A
µν
(1) ǫ˜
(1)
µ ǫ˜
(1)
ν = 0 and A
µν
(2) ǫ˜
(2)
µ ǫ˜
(2)
ν = 0, (C16)
which do take birefringence into account, appears rather
impractical, and it is not obvious whether the structure
of the resulting equation will allow the use of a polar-
ization sum at all. Thus, producing “average dispersion
relations” by polarization sums is at some deep level in-
ternally inconsistent, except in the cases when no polar-
ization sum is needed. It is only if one is limiting interest
to lowest-order (α2) corrections away from Minkowski
space that the polarization sum makes sense for a bire-
fringent system, and only then in the sense that
2∑
r=1
ǫ˜ µ(r) ǫ˜
ν
(r) → η
µν +O(α2). (C17)
That is: Although equation (17) is exact, we could choose
to contract it with approximate polarization states appro-
priate to flat Minkowski space. As long as the deviations
from the ordinary speed of light are small, so are the devi-
ations of the true polarization states from the usual ones,
and then an approximate polarization sum of the above
form is useful. We conclude that the polarization sum
technique is most useful if there is no birefringence, and
that in the presence of birefringence it is, at best, only
useful when strictly limited to lowest-order corrections to
Minkowski space propagation.
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